Minimum-structure inversion has been widely used in both hydrocarbon and mineral exploration for decades. However, models obtained with this method typically exhibit smooth variation of physical properties and smeared-out boundaries, and may not give detailed information about the target being investigated. In this paper we present a constrained joint inversion of surface and borehole gravity to increase the resolution of gravity inversion. We show that inversion of surface and borehole gravity with thresholding can help estimate the dip of the density anomalies to well. We then incorporate this dip information, as well as density constraints based on measurements of drilhole samples, into the inversion. We demonstrate that such a joint inversion approach can significangly improve the resolution of density inversion.
INTRODUCTION
A typical way to perform minimum-structure inversion is to formulate a model objective function to be minimized in order to generate a model that can predict the observed data to a certain degree and satisfy all the constraints imposed. This model objective function usually consists of both a measure of data misfit and a measure of model structure. Minimumstructure inversion of geophysical data has been widely utilized in data interpretation in both hydrocarbon and mineral exploration problems, because it is generally robust and flexible to incorporate a priori information. Moreover, the inverted model has fewer noise artifacts as a result of the model structure constraints.
However, this approach usually generates models that exhibit smeared shapes and boundaries. Therefore, when it is applied to mineral exploration problems, the dip information-which is often important to understand the subsurface geology-can not be effectively extracted from minimum-structure inversion.
In order to recover dip information from numerical inversion, we incorporate borehole gravity and utilize a thresholding method within the inversion process itself. Incorporating the borehole gravity data allows us to constrain the extents of our model orebody within the inversion, as well as provide density information. The thresholding process creates a new density model from the previous inverted model by setting all recovered values below some threshold to zero. This new model is taken as the initial model for the next inversion. We also incorporate the estimated dip information as well as density constraints from one borehole to constrain the gravity inversion.
We show the effectiveness of this approach by inverting surface and borehole gravity data for two synthetic models that simulate a likely scenario in mineral exploration.
THEORY

Formulation of the inverse problem
The area of interest is divided into a number of cells in Cartesian coordinates within each of which the density is assumed to be constant and is to be estimated by inversion of gravity data. m is then the vector containing the density values in all of the cells.
The inverse problem is then formulated as an optimization problem that minimizes an objective function
where Φ d is a measure of data misfit (how well the predicted data fits the observed data), and Φ m is a measure of the amount of structure in the inverted model. β is known as the (Tikhonov) regularization parameter that balances Φ d and Φ m . In this study, we use discrepancy principle to determine β so that we fit the data to its noise level.
Suppose we have surface gravity data d obs 1 , and borehole gravity data d obs 2 and d obs 3 obtained from two boreholes that are located off the left and right ends of the model. Also suppose we have a borehole that drills down through the deposit body, and thus we have direct density measurements of the rock samples from that borehole. We then express this density information mathematically as
where m is the model vector to be determined by inversion, L is a sparse matrix with ones corresponding to those locations where rock densities are available and zero everywhere else, and H is a vector that contains the measured densities down that drillhole. If we take this additional physical property constraint as data and incorporate into the construction of Φ d , the data misfit term is then given by the following expression
where G 1 , G 2 and G 3 are the forward modeling operators that map the density model m to surface gravity data, d obs 1 , left borehole gravity data, d obs 2 , and right borehole gravity data, d obs 3 , respectively. W d1 , W d2 , W d3 and W d4 are the data weighting matrices whose diagonal elements are the reciprocals of the standard deviation of each datum. As we assume the noise is independent, the data weighting matrices are diagonal. The coefficients γ 1 , γ 2 , γ 3 and γ 4 control the weight each dataset contributes to the whole process. In our study, we let γ 1 = γ 2 = γ 3 =1.0, and adjust γ 4 in different stages of inversion.
For the model structure term, Φ m , we adopt the generic form proposed by Oldenburg (1996, 1998) which has the following terms
where m re f is the reference model constructed based on geological information, previous studies in the same area, or any other a priori information we may have. Constants α s , α x , α y and α z control the weights put on each term. As a default, we set α s ≪1, and α x = α y = α z = 1 if no more information is available to determine their values. In this study, we use a reference model of zero and consider 2D synthetic models that have only x and z dimensions.
We impose bound constraints on the density values recovered by inversion to make the solution more consistent with geology. This is accomplished by solving the following constrained optimization problem:
where m min and m max are the lower and upper bounds, respectively, for the density values. Bound constraints on the density value of i th cell of the subsurface mesh can be done by specifying m min i and m max i . In our study we assume that no additional information is available to impose a specific bound constraint on each cell, so we constrain all the cell values by the same bound constraint. It is noted that by imposing bound constraints we make the inverse problem nonlinear.
To incorporate this inequality constraint into the inverse problem, we perform a logarithmic transformation f(m) that maps the vector m ∈ (m min , m max ) to an unconstrained vectorm ∈ (-∞, +∞) (Cki and Unbehauen, 1993, and . f(m) is defined bỹ
We then implement only the minimization problem
which is actually a linear inverse problem for our assumed 2D gravity scenario. After solving this minimization problem, we perform an inverse operation f −1 (m) to bringm , which varies in the range (-∞, + ∞), back to m, whose elements change in the interval (m min , m max ).
Inversion with thresholding
The inversion process with thresholding can be divided into three stages. We begin with the inversion of surface gravity and borehole gravity data (without thresholding) to recover model I. Second, we apply thresholding to generate model II by forcing all cell values below some threshold to be zero. We then take model II as an initial model and run a second inversion to get model III. Dip information can then be estimated from model III. If not, we do the thresholding again and run a third inversion to get model IV from which we estimate the dip of the density anomalies. Thresholding and the associated inversion process continues until the recovered density anomalies exhibit obvious dip structure.
At the last stage, we incorporate the dip information obtained in the second stage, as well as the borehole density constraint and run the inversion again to get a model V that has wellposed dipping structures. We incorporate the dip information into inversion by the method proposed by .
SYNTHETIC EXAMPLE
In this synthetic example, we create two density models, m 1 and m 2 , each of which is 1600 meters long and 800 meters deep and contains two dipping and parallel mineral deposits (shown in Figure 1 ). The dip of the mineral deposits in m 1 are 45 degrees, and in m 2 are approximately 30 degrees. For both models, the density contrast of the upper dipping body is 1.2×10 3 kg/m 3 , and the density contrast of the lower body is 0.8×10 3 kg/m 3 . The two models are discretized into 2048 cells, each of which is 25m by 25m. We simulate the gravity response every 20 meters on the surface and every 40 meters in both of the two boreholes located at -50m and 1650m. This results in 81 surface gravity data and 42 borehole gravity data. We added independent Gaussian noise with zero mean and 1% standard deviation.
We first invert surface and borehole gravity data for both models without thresholding (Figure 2 ). Also shown in Figure 2 are the recovered models using only surface gravity data. If we compare the principal orientation of inverted density contours with the orientation of the two mineral deposits indicated by the dashed quadrangles in Figure 2 (a), we observe that for the density model inverted by using both surface and borehole gravity data the two orientations are fairly consistent with each other. However, for the inverted model obtained by using only surface gravity data, as shown in Figure 2 (b), the orientation of the reconstructed density distribution deviates from the actual orientation of the density anomalies. The same is true for the two reconstructed models shown in figures 2(c) and 2(d). For the density model shown in Figure 2 (d), it is obvious that the density contours do not align with the dip of the mineral bod- ies. By comparison, it is clear that in Figure 2 (c) the recovered densities show very good consistency with the orientation of the two dipping deposits. Thus inverted density models from surface and borehole gravity data contain dip information of mineral deposits while surface gravity data alone has little, if any, dip information.
We next apply inversion with thresholding to the two density models (Figure 2 ) in order to highlight the orientation of the recovered bodies. All the density values less than 0.05×10 3 kg/m 3 are set equal to zero. These resulting two models are taken as initial models for a second inversion. The algorithm to implement the second inversion is exactly the same as that for the previous inversion. The inverted two models are shown in Figure 3 . Both of these two density models fit the observed data to the same degree as the corresponding models shown in Figure 2 . We observe that by applying thresholding we recover more compact density bodies, and therefore more precisely define the orientation of the density anomalies. The dashed quadrangles again shows the true shape and orientation of the mineral deposits. The two solid lines in both panels of Figure 3 indicate the principal orientation axis of the inverted anomalies determined by examining the orientation of the density contours. If we compare the dashed and solid lines, we see that the inverted density models align with the dip of the true model.
We then take inversion with thresholding one step further by applying thresholding to these two recovered models shown in Figure 3 . All cell values less than 0.1×10 3 kg/m 3 are set to zero, and all the others are kept unchanged. We then use these two new models as initial models for a third inversion with the same algorithm as the first two. The inverted models are shown in Figure 4 . We observe that the orientation of inverted density Figure 2 . Inverted density models using both surface and borehole gravity data(a and c), and inverted models using only surface gravity data (b and d). The dashed quadrangles in each panel indicate the true density anomalies.
structure is even more consistent and highlighted with the true orientation of the bodies.
At the last stage of the whole inversion process, we run a fourth inversion that incorporates dip information we get at the second stage as well as the physical property constraints obtained from the borehole (shown in Figure 5 as white lines) where we have rock samples. Figure 5 shows the inverted models with dip and density constraints. We observe that with both dip and borehole density constraints, we can accurately recover the geometry of dipping structures.
CONCLUSION
Traditional minimum-structure inversion generates models characterized by smooth features, which usually only gives the first-order information about the source bodies. Detailed information, such as the dip of an ore body, cannot be readily extracted by this approach. We have shown that with thresholding, joint inversion of surface and borehole gravity data can help extract dip information. Based on the two models used, we infer that this method can distinguish between tabular strctures whose dips differ by at least 15 degrees. Furthermore, we demonstrate that, by incorporating the dip information as well as the physical property constraints from borehole measurements, dipping structures commonly encountered in mineral exploration can be imaged with much improved resoluton.
Given the newly available slim-hole gravimeters and the anticipated increase in borehole gravity surveys, joint inversion of surface and borehole data should become a standard in mineral exploration and production. The work presented in this paper appears to validate this outlook and forms the basis for a robust interpretation algorithm.
We also recognize that, since geological information, for example, dip information and physical property constraints in this paper, is crucial to get reliable inverted models, whenever possible, we should include all these a priori information in the inversion. To do that, new inversion methods that can integrate geological and geophysical data needs to be developed. 
